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Abstract-High resolution PET imaging is severely hampered 
by patient motion. Frame-acquired PET images suffer from inter
frame and intra-frame motion artifacts degrading image quality. 
The method of Multiple Acquisition Frames (MAF) [1] corrects 
inter-frame motion artifacts by removing average motion from 
all the independently reconstructed frames. The drawback is 
that a high motion threshold neglects considerable intra-frame 
motion and a low motion results in acquisition of low-statistic 
frames, thereby, degrading image quality. Increasing the number 
of frames proportionally increases reconstruction times [2]. 

Another approach for motion compensation in PET imaging is 
to employ (MLEM)-type deconvolution based on the Richardson
Lucy algorithm [3], [4]. The reconstructed image is used to esti
mate the original non-corrupted image using MLEM techniques 
[5], [6]. The drawback is the occurrence of attenuation artifacts 
that can arise from emission-transmission mismatches. 

Our approach picks up the striking features of these two 
themes to correct for inter-frame and intra-frame motion in dy
namic PET acquisition. In the following sections, we characterize 
3D rigid body motion and use the concept of averaging trans
formations inspired from Riemannian Geometry and Topology, 
present the proposed Generalized Motion Correction Algorithm 
followed by simulation results, discussion and conclusions. 

I. INTROD UCTION 

POSITRON Emission Tomography has emerged as a 

powerful non-invasive imaging technique for quantitative 

analysis of neurochemistry of human subjects. High Resolu

tion dedicated PET Brain scanners have allowed high quality 

image acquisition with a spatial resolution in the range of 2 -5 

mm full-width-at-half-maximum, FWHM. Despite enhanced 

spatial resolution, PET images are severely degraded by patient 

motion thereby under-mining the high resolution imaging 

capabilities of scanners. The effective resolution of a PET 

image, FWHMefjective, can be expressed as: 

FW H MeJ Jective = J FW H Mt2omograph + FW H M;'otion 

where FWHMtomograph is the intrinsic resolution of the 

scanner and FWHMmotion is the FWHM of the distribution 
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of patient's motion [2]. FWHMtomograph being compareable 

to FWHMmotion presses the need to have accurate and effi

cient motion correction algorithms for high-quality PET Brain 

imaging. 

Dynamic brain imaging in PET may last for hours which 

makes it unreasonable to assume that even the most cooper

ative patient remains static for the entire acquisition duration 

[7]. This assumptions is even worse if the patient is suffer

ing from neuro- or psycho-disorders resulting in involuntary 

motion e.g. restless-leg syndrome and epilepsy [5], [6], [8], 

[9]. Voluntary head movements due to coughing, leg crossing, 

etc. [10] are commonly observered in PET scans. Table 1 

summarizes, though not necessarily exhaustively, the existing 

work done on motion correction in dynamic PET imaging. 

It highlights the pros and cons of the algorithms used and 

necessiates the need for coming up with efficient schemes to 

reduce motion artifacts in dynamic PET images. 

Sec II characterizes head-motion in dynamic PET imaging 
as a 3D rigid body motion, explains the topology of 3D 

rigid transformations and delineates an algorithm to compute 

weighted-averages of sets of transformation matrices. Sec III 

describes the algorithm for generalized inter-Frame and intra

Frame motion correction of dynamic PET data. Sec IV outlines 

the simulation setup and shows the results achieved. Sec V 

concludes with the objectives achieved with the proposed 

generalized motion correction algorithm and proposes future 

work. 

II. 3D RIGID BODY MOTION 

In brain PET imaging, patient motion is modeled as a 

3D rigid body motion and, thus, follows the 3D rigid body 

kinematics. Sec II-A, describes the topolgy of 3D rigid body 

tranformations that forms a Special Euclidean Group, SE(3). 

Sec II-B explains the process of averaging transformations 

which is pivotal in average-motion correction in dynamic PET 

imaging. 

A. 3D Rigid Body Transformation, SE(3) 

3D rigid body motion can be completely characterized by 

the set of 4 x 4 transformation matrices of the form [21]: 

{ ( :  �) IRE 80(3), v E �3 } 
This forms a Special Euclidean Group, SE(3). SE(3) forms 

a 6D manifold (3 rotation and 3 translation parameters). As a 
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topological space, SE(3) is homeomorphic to �3 x 80(3). 
SO(3) is the group of 3D rotational matrices with special 

properties. It is defined as follows: 

80(3) = {R E GL(3): RRT = J, Idet(R)I = I} 

where GL(3) is a set of 3 x 3 non-singular matrices (General

ized Linear Group), [21], [22]. These constraints together with 

the identification of antipodal rotation matrices completely 

characterize the topology of SO(3). 80(3) � Rp3, where 

RP3 is a 3D real projective plane which is the set of all lines 

through the origin of �4 [21]. 

B. Averaging Transformations 

The first step to correct for inter-frame motion is to compute 

average motion in each independently reconstructed frame. 

This is equivalent to computing a transformation matrix which 

gives the average (mean) motion in each frame. A point that 

merits close attention is that mere averaging of the elements 

of transformation matrices loses (except in few exceptions e.g. 

pure translations) the geometric properties of the individual 

transformations and, hence, is not a valid transformation 

matrix [23]. 

Unlike, the translation vectors, the group of rotations, 

SO(3), forms a differentiable manifold where the notion of 

Euclidean mean does not translate easily [22]. SO(3) is the 

Lie group of special orthogonal transformations in �3. 

These 4 x 4 transformation matrices form a Riemannian 

manifold and computation of the mean transformation 

requires a metric defined on it. To preserve the spatial 

and geometric properties of the transformation matrices, 

Karcher's iterative procedure to estimate the weighted-mean 

transformation is employed that uses a Riemannian metric 

defined on the manifold [23]-[25]. Algorithm 1 outlines a 

procedure of estimating weighted-mean transformation with a 

fast convergence rate. Here, weights actually refer to the time

weights of each motion transformation during a PET study. 

Algorithm 1 (Karcher's weighted-mean transformation) 

Given a set of N linear spatial transformation matrices 

(motion), {Ti}�l and the corresponding time weights, 
{Wd�l: 

1) Pick any Ti (= Mo). 

2) IterateMk = exp ( tt L�l Wi . exp-1(TiMk!1))Mk-1 

until II L�l Wi· log (T':;;:;anTi) II is sufficiently small. 

3) Set Tmean = Mk• 

III. G ENER ALIZED MOTION CORRECTION A LGORIT HM 

With the notion of mean transformation defined, Algorithm 

2 outlines the procedure for the Generalized Motion 

Correction Algorithm in Frame-based PET Imaging. 

Algorithm 2 (Generalized Motion Correction) 

Given a set of M-dynamic frames {Yj}�l' the corresponding 

set of 
Nr:,:Jvr 

motion transform�tio� matri�es for eac�
j 
�ame, 

{Ti,j} i=l,j=l and the respectlVe time welghts, {Wi} i=l . 

1) Compute the mean transformation using Algorithm 1 
(below) for each frame, {Tmean,j}�l. 

2) Map the p,-image, with the computed mean transfor

mation, onto each emission frame followed by forward 

projection. 

3) Reconstruct each frame using the OSEM algorithm to 

generate a set of images, {r;eCon }�l. 
4) Correct for inter-frame motion in each frame via: 

{Q }M {T-l }M {Jrecon}M j j=l = mean,j j=l· j j=l 

5) Compute the residual transformations for remaining mo

tion contamination within each frame: 

{Tres}Nj,M _ {T-1 }M {rp }Nj,M i,j i=l,j=l - mean,j j=l· .1- i,j i=l,j=l 

6) Correct for intra-frame motion via Richardson-Lucy 

iterative deconvolution for each frame: 

where >.} is the generated image for each frame at the 

n-th iteration. 

IV. SIM UL ATIONS & RES ULTS 

Simulations were carried out on a mathematical brain 

phantom [18]. 5 sets of motion transformations were used 

with rotation angles of _6°, -4.5°, -1.5°, _1°, and 0.5° 

and translations of -1.28 mm, -1.08 mm, -0.43 mm, 

1.3 mm, and 2.0 mm. The scanner geometry used for the 

simulations was the High Resolution Research Tomograph 

(HRRT) [26]. We generated the following two sets of data. Set 

1 contained OSEM reconstructions generated by using the p,

map aligned to average motion and Set 2 contained OSEM re

constructions using the initial p,-map. We performed 50-0SEM 

reconstruction iterations each followed by 50-deconvolution 

iterations. The images were post smoothed by a Gaussian of 

FW H M = 2 mm. Fig. 1 shows the reconstructed images, 

Fig. 2 shows the overall noise-bias curves and Fig. 3 shows 

the noise-bias plots for 8 Regions of Interests (ROIs). 
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Fig. I. row. I: Brain Phantom, row. 2: Richardson-Lucy Deconvolution, 
row. 3: Inter-frame & Intra-frame corrected. (columns represent OSEM 
reconstruction iterations 5, 7, 10, 15, and 20 respectively). 
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Fig. 2. Noise-Bias plot: Sampled points correspond to OSEM reconstruction 
iterations 5, 7, 10, 15, and 20. 

V. DISC USSIONS & CONCLUSION 

The Generalized Motion Correction algorithm corrects for 

average-motion by performing OSEM reconstructions with the 

fl.-map aligned to the average-motion. This step maintains the 

capabilities of Multiple Acquisition Frames (MAF) by reduc

ing artifacts due to mis-registration of emission-transmission 
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Fig. 3. Noise-Bias plot for 8 ROIs: Sampled points correspond to OSEM 
reconstruction iterations 5, 7, 10, 15, and 20. 
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Fig. 4. RMSE vs OSEM reconstruction iterations 5, 7, 10, 15, and 20. 

data. However, for significant motion within each frame, the 

artifacts are significant and calls for efficient framing of PET 

data based on measured motion. 

The Richardson-Lucy Deconvolution reduces intra-frame 

motion artificats by using an MLEM-type iterative procedure 

employing residual transformation matrices (motion). The 

measured transformation matrices are factored into an average

transformation matrix and residual transformation matrices in 

each frame. Efficiently framed PET data, results in a small 

dynamic range of residual motion thereby reducing intra-frame 

motion artifacts. However, significant noise in OSEM recon

structions overrides motion artificats and is further amplified 

by the deconvolution process. 

Fig. 2 reflects a better noise-bias trade-off for the Gener

alized Motion Correction algorithm as opposed to MLEM

type Deconvolution approach over a range of OSEM recon

structions and Deconvolution iterations. Fig. 1 shows reduced 

20 
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TABLE I 

PROS AND CONS OF EXISTING MOTION CORRECTION ALGORITHM IN DYNAMIC PET IMAGING 

Method 

Head Restraints 
[9], [11], [12] 

Event Driven 
Correction 

[9], [13]-[18] 

Multiple Acquisition 
Frames (MAF) 

[1] 

System Matrix 
Modeling 

[19] 

Kernel-based 
Deconvolution 

[14], [20] 

MLEM
Deconvolution 

[3], [4] 

Generalized Motion 
Correction* 

this paper 

Pros 

• Reduces head movements by fix
ing the head with the head-rest 
using Thermoplastic masks or 
Neoprene caps 

• Compensate individual lines of 
response (LORs) based on mea
sured motion information. 

• Corrects for inter-frame artifacts 
by averaging out motion 

• Incorporates known-motion into 
system response function used in 
MLEM. • Does not require list-mode acqui
sitions. • Incorporates nonlinear motion. 

• Motion-defined deconvolution of 
motion-blurred reconstructed im
ages. • Theoretically well-behaved for 
nois1ess data. 

• Incorporates Richardson-Lucy 
Deconvolution. • Does not require list-mode acqui
sitions. • Can incorporate complex move
ments. 

• Unifies MAF and MLEM-
Deconvolution into one 
framework. • Reduces attenuation artifacts 
by coregistering transmission
emission data. • Does not require list-mode acqui
sitions. • Incorporates nonlinear motion. 

TABLE II 

Cons 

• Does not eliminate motion. • Relative motion between head
restraint and skull due to cough
ing, sneezing, leg crossing etc. 

• Requires tracking device to mon
itor patient motion. • Requires access to list-mode ac
quired data. • Can lead to artifacts unless care
ful normalization is performed. 

• Low motion threshold results 
in acquisition of low-statistics 
frames and higher reconstruction 
times. • High motion threshold results in 
substantial intra-frame motion ar
tifacts 

• Requires access to, and the ability 
to modify, the system matrix used 
for reconstruction. 

• Deconvolution amplifies noise in 
PET data. • Spatially variant deconvolution 
operators required for significant 
rotations. This augments compu
tational costs and adds potential 
artifiacts. 

• Attenuation artifacts from 
misregistration of emission
transmission data. 

• Intra-frame motion should have a 
small range. • Deconvolution process amplifies 
noise in PET data. • Requires efficient framing of PET 
data based on measured motion. • Richardson-Lucy algorithm fails 
to tone down artifacts created by 
high noise levels in PET data 

ROOT MEAN SQUARED ERROR (RMSE) VALUES FOR MLEM-DECONVOLUTION AND GENERALIZED MOTION CORRECTION ALGORITHMS 

Root Mean Squared Error (RMSE) OSEM Reconstructions 

yn Iteration 7'" Iteration 10'" Iteration 15m Iteration 20m Iteration 

5m Iteration 0.1726 0.1823 0.1920 0.2026 0.2100 
MLEM -Deconvolution 9th Iteration 0.1795 0.1917 0.2044 0.2186 0.2286 

30th Iteration 0.1917 0.2076 0.2246 0.2435 0.2569 
5'" Iteration 0.1549 0.1624 0.1705 0.1803 0.1877 

Generalized Motion Correction 9th Iteration 0.1611 0.1713 0.1827 0.1966 0.2069 
30th Iteration 0.1752 0.1895 0.2057 0.2252 0.2397 
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motion-blurred artifacts for the Generalized Motion Correction 

algorithm (last three rows). Based on this simulation study we 

suggest an optimal number of 5 - 7 deconvolution iterations. 

Table 2 shows the root mean squared error values (RMSE) 

for the MLEM-type deconvolution and Generalized Motion 

Correction algorithms with the latter showing better root mean 

squared error values for a range of OSEM-Deconvolution 

iterations. Fig. 4 shows the RMSE plot against OSEM recon

struction interations and the Generalized Motion Correction 

algorithm shows better performance. 

Averaging of transformations uses a Riemannian distance 

function that ensures that the spatial and geometrical features 

of the transformation matrices are preserved which is not 

achieved by the mere averaging of elements of the transfor

mation matrices. 

In a nutshell, Generalized Motion Correction algorithm is 

a novel strategy to compensate for inter-frame and intra

frame motion artifacts in dynamic PET imaging. Future work 

involves extending the motion-correction algorithm to para

metric imaging, coming up with quantitative measures for 

the deconvolution operation and proposing novel de-blurring 

strategies that do not amplify noise. 
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